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MODAL EQUATIONS FOR THE NONLINEAR FLEXURAL
VIBRATIONS OF A CYLINDRICAL SHELL

E. H. DOWELL and C. S. VENTRES

Department of Aerospace and Mechanical Sciences, Princeton University

Abstract-A review is made of modal approximations in deriving the equations of motion for the nonlinear
flexural vibrations of a cylindrical sheiL An improved method is proposed and used which satisfies more exactly
the boundary conditions of the problem. Comparisons are made between the present equations and those prev­
iously derived in the literature.
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1. INTRODUCTION

THE nonlinear flexural vibrations of plates and shells have recently received renewed
attention in the literature. This is probably because of two reasons:

(1) the growing appreciation of the importance of nonlinear effects in determining the
stability and response of thin shells (including plates) under dynamic loading, and

(2) our increased ability to handle a more complex description of such structural
members via high speed computers.

Nevertheless before one can apply (2) to investigate the many interesting ramifications
of (1), it is necessary to obtain a proper and consistent formulation of the modal equations
of motion. This task (using Galerkin's method, for example) turns out to be a fairly subtle
and moderately difficult one for some shell geometries. In particular, the cylindrical shell
is most challenging as has been clearly pointed out by Evensen [1,2]. The primary difficulty
lies in satisfying certain continuity and boundary conditions for the shell.

The purpose of the present paper is to satisfy more accurately these boundary and
continuity conditions and to investigate their effect on the form of the modal equations.
Galerkin's method is employed. In Section 2 we review the results for a flat plate and also a
ring which may be considered limiting cases for a cylindrical shell. In Section 3 the cylindri­
cal shell per se is treated and in Section 4 the present results are compared with those of
previous authors.

2. RELATED RESULTS FOR PLATES AND RINGS

2.1 Nonlinear vibrations of plates

To appreciate the difficulty with the" cylindrical shell, it is perhaps best to begin a
discussion with the work on the flat plate. (Some of the plate results discussed here are
thought to be original.) The paper by Chu and Herrmann [3J is one of the earliest and in
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many ways representative of the subsequent literature. Chu and Herrmann arrive at the
equations of motion by first doing a perturbation analysis to show the consistency of
neglecting in-plane intertia terms in the study of the nonlinear flexural vibrations of a
plate. This portion of their work is analogous to that of Reissner [4J who considered the
linear flexural vibrations of a curved shallow shell. With this simplification, the equations
of motion reduce to the well-known Von Karman equations including only the transverse
inertia term. Chu and Herrmann then proceed to solve for the fundamental frequency of
vibration as a function of plate amplitude using a one term modal solution via a Rayleigh­
Ritz or Galerkin type procedure. The boundary conditions which they satisfied were

w=o on all edges (2.1)

M =0 on all edges (2.2)

u=o on both edges normal to u (2.3)

v=o on both edges normal to v (2.4)

N xy = 0 on all edges. (2.5)

The last boundary condition was not explicitly stated in [3J; however, it may be verified
that their solution does satisfy this condition. Of course, unless four boundary conditions
are specified on each of the four plate edges, the solution is not unique.

Subsequent investigators, while using a modal approach, have handled the boundary
conditions in a different way. Bolotin [5J, Fralich [6J, and Dowell [7J, who have studied
the problem inter qUa, have satisfied boundary conditions (2.1) and (2.2) exactly but
satisfied (2.3) to (2.4) only "on the average" by requiring the integral of the appropriate
quantity, u, v, or N xy to be zero along the relevant edge. The solutions have been worked
out for two [5, 6J and an arbitrary number of modes [7J respectively. The interesting result
is that when only one mode is used in each of these analyses [5-7J, the resulting equation of
motion is identical to that of Chu and Herrmann. In all cases, the equation of motion is

(2.6)

where w = All sin nx/a sin ny/b and all = Altlh.
The boundary conditions cited above are not the only possible ones of interest, of course.
Therefore others have been considered. For example, it may be more realistic to consider
in place of (2.3) to (2.5)

U = 0 on all edges

v = 0 on all edges.

(2.3a)

(2.4a)

(2.7)*

If these latter two conditions are satisfied "on the average", one finds that for a one mode
analysis the result is still equation (2.6). If, on the other hand, (2.3a) and (2.4a) are satisfied
exactly by taking the following expansions

. 2nx . ny
U = B21 sm-Sln-,

a b

C
. nx . 2ny

v = 12 sm --;; sm b'
* B 11 = ell = 0, as is perhaps obvious from symmetry.
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The equations of motion become, using Galerkin's method,

where b21 == (B2 t1h)a/h, C12 == (C I2 /h)a/h are determined from

{ (I-V)} (4/3)2 { (3V-l)}b21 1+~8~(a/b)2 +(I+v)~(a/b)c12= ail -t+(a/b)2 12 '

{ (I-V)} (4/3)2 {(3V-l)}
C12 (a/b)2+ 8 - +(1+v)~(a/b)b21 = ail(a/b) -t{a/b)2+ 12 .

(2.8)

(2.9)

(2.10)

for x = 0, a,

It is a simple matter to solve for b21 and C l2 from equations (2.9) and (2.10) and to substitute
into (2.8) to obtain an equation solely in terms of all' However it is apparent that the
resulting equation will be too complicated to permit any simple analytical comparison
with equation (2.6). Instead numerical comparisons have been made for the coefficient of
the nonlinear terms in equations (2.6) and' (2.8) for alb = 0 and 1·0. In both cases, the results
are in ver) close agreement with the coefficient from equation (2.8), being slightly larger
than from (2.6).

Finally to further verify the generality of the above conclusions, a clamped plate was
considered where boundary condition (2.2) was replaced by

ow
-=0ox

ow = 0
oy for y = 0, b. (2.2a)

Again there was similar agreement among the various results using different in-plane
boundary conditions.

Hence one concludes that
(i) the important in-plane boundary conditions are (2.3) and (2.4). (2.5), apparently, is

not very important.
(ii) satisfying boundary conditions (2.3), (2.4), and (2.5) "on the average" is a good

approximation.
It should be mentioned, however, with regard to (ii) that comparisons have also been

made between "exact" and "average" boundary condition solutions for zero stress on the
edges which show poor agreement. The nonlinear coefficient predicted by the "average"
solution is much higher than the "exact" boundary conditions solution. For this problem,
boundary conditions (2.3) and (2.4) were replaced by

N x = 0, (2.3b)

(2.4b)
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(2.11)

In order to satisfy these conditions, along with (2.5), exactly the following stress function
was chosen:

<I> = D[1- cos 2:X] [1 - cos 2;YJ,
where D is a constant to be determined. Again, using Galerkin's method, one obtains

(2.12)

If one satisfies the boundary conditions "on the average", one obtains

(2.13)

It will be noted that, in equation (2.12), the nonlinear coefficient vanishes when alb -> °
as one would expect from the well-known results for a beam with no in-plane restraint.
On the other hand, in equation (2.13), the nonlinear coefficient remains finite as alb -> 0.
To make a further comparison, we give in Table 1 the numerical values of the nonlinear
coefficient, {.. ,}, as determined from equations (2.12), (2.13) and, for reference, (2.6) for
two values of alb, °and 1'0, and v = 0·3.

TABLE 1

alb (2.6) (2.12) (2.13) Zero Zero
stress strain

0 0·728 0·0 0·228 0·91 1·0
1·0 1·755 0·114 0·450

While both equations (2.12) and (2.13) indicate a much decreased nonlinearity from
equation (2.6), the quantitative agreement between the former two results is poor. Equation
(2.12) is undoubtedly the more accurate result, giving as it does the correct limit for alb -> 0.

One final comment concerning the limit alb -> °is in order. As is known, if one considers
no spanwise bending, owloy = 0, and takes either zero spanwise stress or strain but u = °
at x = 0, a, an equation similar to equation (2.6) may be derived (see, for example, [7]).
For the sake of completeness, the nonlinear coefficients of these results are also given in
Table 1. Note that neither agrees precisely with equation (2.6), the difference being roughly
25%.

2.2 Nonlinear vibrations of rings

Now, for the plate, we are able to obtain reasonably satisfactory results for the nonlinear
oscillations in the fundamental mode by retaining only one term in the series for w. However
Evensen [8] has shown (and Dowell [9] has also confirmed) that for the ring it is essential
to consider the coupling between the axisymmetric circumferential mode and the particular
circumferential mode being studied, say n = N. The first author has discussed this problem
elsewhere [9], and we will only briefly recapitulate the relevant results here. The equations
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for a ring are [8, 9J

where
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04W 02W N 02W
D oy4 +Pmh ot2 = ;'+Ny oy2'

oNy = °
oy

(2.14)

(2.15)

(2.16)

(2.17)

Ny = E{~~ - i+~(~;rl
Actually Evensen [8J and Dowell [9] have considered a modified version of equati:)O (2.14),
viz.,

(
0

2
1 ) (02W w) 02W N 02W

D oy2+R2 oy2 +R2 +Pmh ot2 - ;. - Ny oy2 = ° (2.14a)

after a suggestion of Morley's [10]. This modification is not essential to what follows and,
for consistency with the subsequent cylindrical shell analysis, will not be used here.

If we take

then, noting Ny is only a function of time from equation (2.15), we may solve for Ny from
equation (2.16) requiring at the same time that

f.
2nR OV

v(2nR, t) - v(O, t) = 0 oy dy == 0,

i.e., v must be continuous. The result is

(2.18)

With this result and using Galerkin's method, the equations of motion may be determined
from equation (2.14) as

(2.19)

where
11==3(I-v2

)

aN == AN/h

ao == Ao/h

= [ DN~Jl/2
wN - hR4 .

Pm

E == (N 2h/R)2

bN == BN/h
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If ao is neglected, it is apparent from equation (2.19a, b) that the nonlinearity is of the
"hard spring" type since '1 is always positive. However, if ao is retained and we take

Q == wjwN ,

and consider the region near the resonance point, Q ~ 1, we can solve for ao from equation
(2.19c) and substitute the result in equations (2.19a) and (2. 19b). These latter equations
become (retaining lowest harmonics in Q and lowest order terms in e)

- r\2l: aN r\2[ -2 l:2] 0aN-u uN+4eu -aN+uN = ,

l: 2- ON 2 -2 -20N- Q aN+
4

eQ [-bN+aN] = O. (2.20)

From equation (2.20), it is apparent the nonlinearity is of a softening type with a strength
determined by the positive parameter, c. Hence the retention of ao completely changes the
character of the nonlinearity.* From this it is apparent that any analysis of the cylindrical
shell which is valid for the long wavelength limit must include ao.

Anticipating some later discussion, it is pointed out here that there is some difference
in philosophy (though little in practice) between the solutions of Evensen [8, 11] and
Dowell [9] for the ring. Evensen attributes the failure of earlier analyses to predict the
correct type of nonlinearity to the neglect of the continuity condition on v. However, as
indicated above, it is possible to satisfy the continuity condition and still obtain an incorrect
result if ao is neglected. In Evensen's work, he took Ny = °(inextensionality assumption)
for the ring. Both he and Dowell have verified that this is an excellent assumption for the
ring. Under this assumption, as Evensen points out, the v continuity condition can only
be satisfied ifone retains ao, in which case ao is determined in terms ofaN and bNby requiring
that v be continuous.

For future discussion, we record this latter result of Evensen. When Ny = 0, from
equation (2.18)

(2.21 )

and hence

(2.22)

3. MODAL EQUATIONS FOR A CYLINDRICAL SHELL

3.1 Method of analysis

With the plate and ring results in mind, we shall now consider the cylindrical shell.

* Evensen [II] has shown that the retention of additional circumferential modes has little effect.
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Donnell's shallow shell theory will be employed (see [12] for a derivation). w is positive
inward.

(3.1)

(3.2)

The results discussed in the previous section were obtained using the same equations with
appropriate terms omitted.

For w we shall use the expansion

( ) ~ ~ A () ny. mnx ~ ~ (). ny . mnxwX,y,t = L L mn t COS-S1O---+ L LBmn t S1O-S1O--.
mn R L mn R L

This expansion satisfies the simply-supported boundary conditions

w = Oat x = 0, L,

82 w
8x2 = ° at x = 0, L.

(3.3)

(3.4)

Obviously w is continuous in the y variable as well. The additional boundary and continuity
conditions will be satisfied "on the average" in the spirit of [5, 6] and [7], since this has
been shown to be a satisfactory approximation for a plate (or ring).

As a check on our results, we should retrieve (at least approximately) the results for a
plate of alb = °as the ratio of axial to circumferential wavelength becomes small, i.e.,

Lim
nRln -l> 0.

The other possible limit

Lim
~.- -l> (j)

nRln

should give us (at least approximately) the results derived by Evensen [8] (and subsequently
by one of the authors [9]) for a ring. For both limits, it will be shown that the averaging
procedure provides results in reasonable agreement with the known results.

From the general expansion, we shall retain the following terms:

Ny . Mnx . Ny . Mnx . Mnx
w(x, y, t) = AMN cosIf S10 ---r:-+ BMN SlllIf Slll---r:-+ A MO Slll---r:-'

(For some applications, such as a flutter analysis, additional axial, though probably not
circumferential modes, need to be retained.) Substituting the above into the right-hand
side of equation (3.2), we may solve for <I> as

<I> <I> homogeneous + <I> particular
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(
M1t)4 . M1tX} (M1t)2(N)2{A~1N [ (2N) -4 2Ny+ - A oSlll-- + - - -- - - cos--
L M L L R 2 R R

(
2M1t) -4 2M1tX] (2N) -4 . 2Ny BF.tN+ L COS-

L
- -AMNBMN Ii: SlllT+-2-

[(
2N) -4 2Ny (2M1t) -4 2M1tX]}

X - COS--+ -- COS-- .
R R L L

For the homogeneous solution, we will take

(3.5)

(J> homogeneous (3.6)

(3.7)

(3.8)

This is not the most general homogeneous solution (though it may be considered the lowest
order terms ofa power series expansion ofthe general solution), however, it will be sufficient
to satisfy the relevant in-plane continuity and boundary conditions "on the average".
The advantage of the averaging process is the simplicity of equation (3.6). The stress­
displacement relations are

(1_v2)Nx = _ vw +!(OW)2 +~(OW)2 + OU +v ov ,
Eh R 2 ox 2 oy ox oy

(1 - v
2

) ~~ = - i + ~(~:r + ~(~:r + :~ + v:~,
2 Nxy [ow ow ou ov](l-v )- = 2(1-v) - -+-+- .

Eh ox oy oy ox

For our boundary and continuity conditions, we shall require that

r2
"R rL ou r2

"RJ
o

J
o

ox dx dy = J
o

[u(L, y)- u(O, y)J dy = 0,

{L f"R :~ dy dx = {L [v(x, 21tR)- v(x, O)J dx = 0,

r2
"R rL

J
o

J
o

Nxydxdy = 0.

The first of these states that the axial displacements "on the average" are zero at x = 0, L;
the second that the v displacement is continuous in the circumferential coordinate "on the
average"; and the last that the average shear is zero. An alternative interpretation of
(3.8 c) since

f.
L f.2"R oW ow

- -dxdy = 0*,
o 0 ox oy

* w is periodic in y, hence the integral over y will be zero. This may be verified explicitly for the expansions
of w used in the present paper.
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(3.9)

is that
SoL [u(2nR, x)- u(O, x)] dx +L2

nR [v(L, y)- v(O, y)] dy = 0.

The first term (if the second is omitted) states that u is continuous in the circumferential
variable while the second (if the first is omitted) states that the circumferential displacement
is zero at x = 0, L "on the average". Thus, if both of these conditions are satisfied together,
it is equivalent to equation (3.8c).

Applying the boundary conditions, equation (3.8), and using equation (3.5) through
(3.7), we may determine the unknown constants, Nx, Ny, Nxy as

2Nx [A;fN+B~N] [2 n2 2(L)2 1J
(I-v)Eh = --L2-- M -g-+vN R "8

A MO M L 1 A~o 2n 2

-vT[I-(-1) ]RM;+2U M 8'

A MO L M I 2---[1-(-1) ]--(l-v)
L R Mn

A MO L M 1 2 A~o 2 n 2

---[1-(-1) ]-+v 2-M---
L R Mn U 8'

. Mnx
SIll-­

L

Nxy == 0. (3.10)

With cI> completely determined in terms of AMN , BMN and AMO ' we shall determine the
equations of motion from equation (3.1) via Galerkin's method. Using the expansion for w
and equation (3.10), equation (3.1) is weighted in turn by

Ny . M nx . Ny . M nx
cos If SIll --y;-' SIll If SIll~,
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In the above equations of motion,

(3.13)

(3.14)

From equations (3.11)-(3.14), we see that aMN == A MN/h , bMN == BMN/h , aMO == A MO /h are
functions of time, r == [D/PmhL4J±t, and the following nondimensional parameters,

M, N, v, r, L/R.

3.2 Limiting cases

Now let us consider the limits as L/R --+ 0 and 00.

For L/R --+ 0, equation (3.11) becomes

(3.15)

A similar reduction holds for equation (3.1Ib). Finally equation (3.12) becomes

(3.16)
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Note that in this limit each mode can be excited independently, i.e., three possible solutions
are

(3.17)

(i) aMN =f. 0, bMN = aMo = 0,
(ii) aMN = 0, bMN =f. 0, aMO = 0,

(iii) aMN = bMN = 0, aMo =f. 0,

where these equations further reduce to

{ a
MN

} (M71f+ :22{aMN} +3(M71f[~-~J{a~N} = {O},
bMN T bMN bMN °

4 d
2
aMo 4

aMo(Mn) +~+3(Mn) aMo = 0. (3.18)

Equation (3.17) is identical with equation (2.6)* for alb == 0, i.e., the two-dimensional limit
of our flat plate solution. Equation (3.18) is the result for a two-dimensional plate with no
spanwise bending and zero spanwise strain, cr., coefficients listed in Table 1. It is clear that
the equations of motion derived here correctly reduce to those of a two-dimensional plate.

For LIR ~ 00, we multiply equation (3.11) and (3.12) by R4 /L4N4 and then let RIL ~ 0.
The results are

(3.21 )

(3.19)

(3.20)

(3.22)

d
2
aMN {[alcN+b;{N] [I-(-I)M](I 2) -t [l-(-l)M] _L}

aMN+-
d

2 + 8 +aMo M -y e -aMo e 2
TN n Mn

4~ [alcN +blcN] 4 [I-(_I)M] _L

X(I_y2)aMN+4~aMN 16 4~b) Mn e 2aMOaMN = 0,

d2aMo+ 4~_{[alcN+blcN]+ [I-(-I)M](I 2) -t [I-(-I)M] -t}
d 2 aMO 8 aMo M - Y e - aMo M e

TN e n n

x~e-t2 [1-(-I)M]= 0.
(l_y2) Mn

Note that if M is even then there is no coupling between aMO and aMN or bMN . This leads
to a hardening nonlinearity of the type previously found for a flat plate when M is even.
By contrast Evensen's solution using a different modal expansion for w indicates a soften­
ing nonlinearity for all M, see Section 4, equation (4.1). A possible explanation for this
difference is the retention of only a single axial mode in the present analysis. If additional
axial modes were retained (which is what Evensen has effectively done) then it is possible
the present result would be modified. In particular it should be noted that when only one
axial mode is retained, for M odd the Nth and zeroth circumferential modes are coupled
while they are uncoupled for M even. This indicates the desirability of retaining additional
axial (M) modes for M even in order to allow for the effect of circumferential coupling.

Let us now consider M = I which we may expect will correspond most closely to a ring.
For M = 1, equations (3.19) and (3.20) become

d
2
a I N 2 2 { 1 I} _t {8 y2 2(_

a lN + dT~ +[aIN+bIN]aIN~ 2(l_y2)+4 -alNalOe 4~ 3n+(1-y2);S-0

d
2
a 10 _ I { 8 y2} 2 2 _t { 2 }_

dT~ + alo4~e 1+ n2 (1- y2) - [aiN + bIN]~e n(l- y2) - 0.

* For M = I, of course.
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Recalling the equations for a ring, equation (2.6), we see that equation (3.21) and (3.22) are of
the same form; however, while the { } quantities are exactly one for the ring, they are here
for v = 0'3,

These differences may be explained by considering a similar situation for the flat plate.
There we saw that, as we take the two-dimensional limit of the three-dimensional solution,
the coefficient of the nonlinear term was somewhat different from that deduced for a two­
dimensional plate with no spanwise bending, ow/oy = O. Even for the case of two-dimen­
sional bending, depending on whether one assumes zero spanwise stress or zero strain, the
coefficient differs. A similar situation apparently exists for the ring limit. The ring solution
is for no axial bending (and sero axial stress) and hence does not exactly correspond to the
L/R --+ 00 limit of the cylindrical shell solution.

Recently Evensen (personal communication) has also considered this limit by simplifying
the initial equations, (3.1) and (3.2).

4. COMPARISON WITH SOLUTIONS BY OTHER AUTHORS

Evensen [1,2] and Dowell [9] have discussed the inadequacies of previous analyses by
Chu [12] and Nowinski [13] elsewhere. Hence they will not be discussed here. Evensen [2]
has recently presented an improved analysis of the problem which we shall compare to the
present one. First we shall outline his analysis. It begins with equation (3.1) and (3.2). An
expansion is assumed as follows.

This was selected by analogy to the result obtained by Evensen for the ring, equation (2.9).
Substituting equation (4.1) into equation (3.2), <D may be determined. Only the particular
part of the solution is used. It is assumed that <D homogeneous = O. Knowing <D and w, it is
then determined a posteriori that v is continuous in the circumferential variable, i.e.,

f 2"R OV f2"R [(NY-VNX) W I(OW)2]-dy = +--- - dy = O.
o oy 0 Eh R 2 oy

(4.2)

This verifies the selection of the modal expansion in as far as this continuity is concerned.
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Unfortunately, as Evensen himself points out, the boundary condition of zero moment'
at x = 0, L

is not satisfied by equation (4.1). Also, as Evensen pointed out, there is no mechanism for
satisfying axial in-plane constraints since the homogeneous stress function solution has
been neglected. The equations derived in Section 3 are free from both of these defects.

Let us now complete the outline of Evensen's derivation and compare the final equations
of motion with equations (3.llH3.l2). Substituting equation (4.1) and the derived solution
for <lJp into equation (3.1), Evensen uses Galerkin's method to obtain,

d
2
aMN 3 [ d

2
aMN (daMN) 2 d

2
hMN (dbMN) 2J-d2 +aMN+-S",aMN aMN -

d
2 + -d- +bMN -

d
2 + -d-

TMN TMN TMN TMN TMN

-",yaMN[a11N+b~NJ+",<5bMN[a~N+b~NJ = 0 (4.3)

and another equation identical to equation (4.3) with aMN and bMN interchanged. In the
above

E [~2 (e+ l )2J
W~N == PmR2 (e+l)2+"'12(1-v2) ,

v Mn/L
S == N/R'

= (N2h) 2
'" - R '

In this formulation, of course, there is no equation of motion for aMo.
Let us now compare Evensen's result with the one derived in Section 3. It is difficult

to compare (4.3) with (3.11}-(3.l2) in general (except numerically, of course). However,
the limiting cases as L/R --> °and L/R --> CX! can be examined rather readily.

Evensen has shown that as L/R --> CD, ~ --> °and )' --> 0, <5 --> O. Hence equation (4.3)
becomes

(4.4)
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2 E t; DN4
2

WMN -> PmR2 12(1- v2) = PmhR4 = WN'

Equation (4.4) is of the same form as the equations previously obtained by Evensen [8J
for a ring except that for the ring the constant ~ was instead 1. Hence, Evensen's equations
for the cylindrical shell reduce approximately to his ring equations. It is not thought that
the ring equations should be the precise limit for L/R -> 00, though one would expect the
full equations to reduce to a similar form as indeed they appear to do for both Evensen's
equations and those of this present analysis. See [9J for a discussion of the equivalency of
the two different approaches for the ring equations.

Now consider the other limit for Evensen's equations, L/R -> 0. As L/R -> 0, ~ -> 00,

6 -> 0, E -> 0, and

1 12(1-v2
)

Y-> --
16 E

Equation (3.3) becomes

(4.5)

This agrees with the result obtained from the present analysis if Nx = 0. For Nx =I- 0, the
coefficient of the nonlinear term from the present analysis [cf., equation (3.17)J is

~(3 - v2
)

This compares with the limit of Evensen's equation [cf. (4.5)J

Hence, there is roughly a factor of three difference in the coefficients. Since the former
coefficient also may be derived from an analysis for a two-dimensional plate, it seems clear
the discrepancy is due to the omission of in-plane restraint in the analysis of [2].

Thus it is concluded that the present analysis is equally accurate to that of Evensen for
L/R -> 00 and is more accurate for L/R -> 0.

Finally we mention a recent report by Mayers and Wrenn [14J which also describes an
analysis which is intended to improve upon Evensen's solution. The principal features
of their investigation are:

(1) A study of the energy of the oscillation is made, particularly with respect to finding
the mode of minimum energy. Presumably such considerations might be important to
determining the response of the system to "white noise" (equal energy per frequency band)
inputs.

(2) They use a somewhat more general assumed deflection form than Evensen; how­
ever, axial boundary conditions are not satisfied. (No homogeneous stress function solution
is determined or used.) In items (1) and (2), the Donnell equations are employed.

(3) A more accurate set of shell equations (Sander's theory) is also considered. The
equations are expressed in terms of the three displacements of the shell. The latter are
expanded in a Fourier Series, however, only one term is retained for the radial displacement.
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The expansion can be expressed in terms of the present notation as follows

Ny . Mnx
w = AMNCOSRSlll---r:-'

Since it is known that this expansion is inadequate in some circumstances, the gain in
accuracy associated with a more accurate shell theory has been offset by a less complete
expression for the radial displacement. The study of [14] does suggest that the investigation
of more accurate shell theories beyond that ofDonnell may be of considerable interest.

5. CONCLUDING REMARKS

The principal conclusions to be drawn from the present study are
(1) the method of "averaged in-plane boundary conditions" generally yields good

results, and
(2) the modal equations derived are accurate in the limits of L/R ~ CfJ and L/R ~ 0,

unlike previously available results.
The principal limitation of the present analysis would appear to be the use of the Donnell
shell equations rather than a more accurate set such as those due to Sanders [14].

Finally although it is not our purpose here to obtain numerical results from the equa­
tions of motion, we will briefly discuss one aspect of the equations which may influence
the solution technique employed.

If one is investigating the forced response near resonance or the natural frequency­
amplitude relation, the harmonic balance or so-called method of averaging may be used
as given in any number of textbooks. See, e.g. [15]. Evensen [2,8, 11] and Dowell [9] have
used this technique. Olson and Fung [15] have also used this technique along with Evensen's
approach to the equations of motion to study the flutter of a cylindrical shell using two
axial modes. If, as in the flutter problem, one wishes to retain several axial modes in the
w expansion, the harmonic balance technique becomes very tedious and one may wish to
consider numerical integration of the equations of motion to obtain a time history of the
displacement. In this regard, it should be pointed out that since the natural frequency of
the AMO mode in the present analysis will be considerably higher than that of the AMN or
BMN modes, a somewhat smaller time step will be needed for the integration than that
indicated by the flutter frequency.
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A6cTpaKT-.uaeTClI 0630P MOjlanhHhlX npH6nHJKeHHH BhlBOjla ypaBHeHHH jlBHJKeHHlI jlnll HenHHeHHhlx
H3rH6Hhlx Kone6aHHH UHnHHjlpH'leCKOH 060nO'IKH. npejlCTaBnlleTcll II Hcnonb3YlOTCll yny'lweHhlH cnoco6,
KOTOpblH BhInOnHlIeT TO'lHee rpaHH'IHbIC ycnoHlI 3ajla'lH. npHBOjlllTCll cpaBHCHHlI npHBCjlCHHbIX
ypaBHcHHH c BblBCjleHHhIMH paHce B nHTepaTypc.


